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a b s t r a c t

In view of the practical interest of the drift-flux model for two-phase flow analysis, the distribution
parameter and drift velocity constitutive equations have been obtained for subcooled boiling flow in a
sub-channel of rod bundle geometry. The constitutive equation of the distribution parameter for sub-
cooled boiling flow in a sub-channel is obtained from the bubble-layer thickness model. In this derivation
an existing constitutive equation for subcooled boiling flow in a round pipe is modified by taking account
of the difference in the flow channel geometry between the sub-channel and round pipe. The constitutive
equation of the drift velocity is proposed based on an existing correlation and considering the rod wall
and sub-channel geometry effects. The prediction accuracy of the newly developed correlations has been
checked against experimental data in a 3 � 3 rod bundle sub-channel, obtaining better predicting errors
than the existing correlations most used in literature.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

There is an increasing interest in both academia and industry in
a variety of engineering systems concerning two-phase flows for
their optimum design and safe operations. Among them, the mod-
eling of the two-phase flow in a sub-channel is of great importance
to the safety analysis of nuclear power plants and verification of
thermal-hydraulic design codes. This fact is especially important
in boiling water nuclear reactors (BWRs) since the two-phase flow
is involved in its standard operational conditions [1].

Nowadays, drift-flux model [2–4] is widely used to predict the
two-phase flow behavior in multiple scenarios. Its importance relies
on its simplicity and applicability to a wide range of two-phase flow
problems of practical interest. In the drift-flux model, two constitu-
tive relations are needed to close the mathematical formulation and
solve the problem. In this regard, distribution parameter and drift
velocity need to be obtained by appropriate constitutive equations.

Recently, several works have been developed to obtain sound
and accurate distribution parameter and drift velocity constitutive
equations based on extensive dataset and mechanistic models in
different flow conditions [4–7]. A complete review of the available
constitutive equations can be found in [4]. However, most of the
studies mentioned above were concentrated on flows in round
tube geometry because, in spite of its simplicity, it is involved in
many practical applications. Though, in many of the nuclear sys-
ll rights reserved.

: +1 765 494 9570.
tems, more complex geometries like separators, fuel bundles and
steam generators are present. Often, studies performed on simple
geometries are not sufficient for the modeling needs in these com-
plex geometries. This fact is especially important in the case of the
drift-flux modeling in rod bundle sub-channel geometries, since
many of the actual computational thermohydraulic code calcula-
tions are based on the drift-flux model.

Available distribution parameter and drift velocity constitutive
equations developed for rod bundle geometries are empirical cor-
relations that have been derived from rod bundle data (mainly dif-
ferential pressure measurements) and have been tested against
different rod bundle databases [8] in a wide range of void fraction
conditions.

Bestion [9] developed a correlation to be used in the thermalhy-
draulic code CATHARE. The correlation is based on experimental
data in rod bundles with hydraulic diameters of 12 mm and
24 mm and also the visual observations given by Venkateswararao
et al. work [10]. The Bestion’s work [9] only provides the drift
velocity correlation, thus a constant distribution parameter of
unity has been assumed since it provides the most accurate results
compared to the experimental datasets available in literature [8].

Chexal et al. [11] developed a distribution parameter correlation
based on the Zuber–Findlay’s drift-flux model [2] and the main
modifications are focused on the distribution parameter. In their
work, Chexal et al. developed correlations for both upward and
downward flows in vertical, inclined and horizontal pipes with
different fluid types. In the case of upward water-steam flow in a
vertical pipe, the distribution parameter and drift velocity
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Nomenclature

A coefficient
AC flow channel area
Awp bubble layer area
Bsf bubble size factor
C0 distribution parameter
C0,Ishii distribution parameter given by Ishii’s equation for boil-

ing flow in a round tube
C0,1 asymptotic value of distribution parameter
D0 rod diameter
Db bubble diameter
DH hydraulic diameter
DSm Sauter mean diameter
G mass flow rate
j mixture superficial velocity
n exponent
p pressure
pcrit critical pressure
P0 pitch distance
Q heat flux
Reb bubble Reynolds number
Re1 bubble Reynolds number in single-bubble system
RP radius of round tube
R0 rod radius
r radial coordinate measured from rod surface
T temperature
vg interfacial velocity
vf liquid velocity
vgj drift velocity

vr relative velocity
vr1 bubble terminal velocity
xwp bubble-layer thickness

Greek symbols
a void fraction
awp void fraction at assumed square void peak
DTsub liquid subcooling
K modification factor
m kinematic viscosity
q density
r surface tension

Subscripts
g gas phase
f liquid phase
in inlet
sub subcooled

Mathematical symbols
h i area averaged value
h<>i void-fraction-weighted mean value

Acronyms
BWR boiling water reactor
LSTF light water high conversion reactor
THTF thermal hydraulic test facility
TPTF two-phase flow test facility
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correlations are those known as the EPRI correlation that were devel-
oped by the same authors in 1986 [12]. In addition, the critical pres-
sure parameter is introduced in the distribution parameter equation.

Later, Inoue et al. [13] developed a distribution parameter
correlation based on the Zuber–Findlay’s drift-flux model that
was derived from void fraction data in an 8 � 8 BWR facility [14].
Thus, the distribution parameter and drift velocity correlations
were obtained by experimental data fitting and taking the inlet
pressure and mass flux as working parameters.

Finally, Maier and Coddington [15] extended the correlation ob-
tained by Inoue et al. to a wider range of experimental conditions
Table 1
Existing drift-flux models applicable to bundle or sub-channel test sections.

Authors C0 expression <<vgj>>

Bestion (1990) C0 ¼ 1 hhvgjii

Chexal–Lellouche
(1992)

C0 ¼ L
K0þð1�K0Þar hhvgjii

L ¼ 1�e�C1a

1�e�C1
; C1 ¼

4p2
crit

pðpcrit�pÞ C2 ¼

8>>><
>>>:

K0 ¼ B1 þ ð1� B1Þ
qg

qf

� �1=4
; r ¼

1þ1:57
qg
qf

� �
1�B1

C3 ¼m

C4 ¼
(

B1 ¼min 0:8; 1
1þe�Re=60000

� �
; Re ¼ maxðRef ;RegÞ C5 ¼

q

Inoue et al. (1993) C0 = 6.76 � 10�3p + 1.026 hhvgjii =

(9.41 �
Maier and Coddington

(1997)
C0 = 2.57 � 10�3p + 1.0062 hhvgjii =

+ (5.
and flow configurations. The explicit correlations for all the consti-
tutive equations used in these models are given in Table 1.

In the existing works, modeled distribution parameter and drift
velocity were evaluated by one-dimensional data. There are very
limited attempts to develop mechanistic drift-flux model consider-
ing phase distribution and channel geometry effect and to validate
them with local flow parameters such as local void fraction and gas
and liquid velocities. In this paper, new constitutive equations for
the drift-flux model developed for subcooled boiling bubbly flow
in a sub-channel of rod bundle geometry are presented. It will be
shown that the constitutive equation of the distribution parameter
expression Applicable range Ref.

¼ 0:188
ffiffiffiffiffiffiffiffiffiffiffi
gDHDq

qg

q
Whole range [9]

¼ 1:41 grDq
q2

f

� �1=4

C2C3C4C9 Whole range [11]

0:4757 ln qf

qg

� �� �0:7
if qþf

qg
6 18

1 if C5 P 1

1� exp �C5
1�C5

� �� ��1
if C5 6 1

(
if qf

qg
> 18

ax 0:5;2exp �jRef j
60000

� �� �
;

1 if C7 P 1

1� exp �C7
1�C7

� �� ��1
if C7 < 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
150 qg

qf
; C7 ¼ 0:09144

DH

� �0:6
; C9 ¼ ð1� aÞB1

(5.1 � 10�3G + 6.91 � 10�2) �

10�2p2 � 1.99p + 12.6)

Whole range [13]

(6.73 � 10�7p2 � 8.81 � 10�5p + 1.05 � 10�3)G

63 � 10�3p2 � 1.23 � 10�1p + 0.8)

Whole range [15]



49
.8

16.68.34.1

unitsin mm

(a) 

(0.0)
A

D

B

C
I

II

III
x=5.6 x=6.9 x=8.3

x

y

y=1.4

y=0

y=2.8
y=3.3

y=4.2

y=4.9

y=5.6

y=6.9

y=8.3

x=4.9

unitsin mm

(b) 

Fig. 1. (a) Schematic diagram of the 3 � 3 rod bundle assembly used in the Yun
et al. experiments [17]. (b) Detail of the considered sub-channel with the measured
point locations.
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for subcooled boiling flow in a sub-channel is obtained from the
bubble-layer thickness model proposed by Hibiki et al. [16]. In this
derivation an existing constitutive equation for subcooled boiling
flow in a round pipe [3] is modified by taking account of the differ-
ence in the flow channel geometry between the sub-channel and
round pipe. In the case of the drift velocity, the correlation pro-
posed by Ishii [3] for round pipes will be modified to work in sub-
cooled boiling bubbly flow in a rod bundle sub-channel. The
accuracy of the newly developed correlations has been confirmed
with the data provided by Yun et al. [17] in a 3 � 3 rod bundle
sub-channel as well as with other published correlations. Yun
et al. [17] database is the only one which provides local measure-
ments of gas and liquid phases in a rod bundle sub-channel and,
thus, can be used to determine both, distribution parameter and
drift velocity, directly.

2. Experimental databases

Most of the existing experimental datasets in rod bundle geom-
etry only provide void fraction data. In most of the published works
the void fraction measurements were performed using differential
pressure transducers. In some cases, more sophisticated tech-
niques such as X-ray tomography [14,18] and c densitometry
[19] were used. Very limited local data of gas and liquid flow
parameters are available for boiling flow in rod bundle geometry
[17]. A detailed list of the experimental datasets is given in Table 2.

In this regard, only the local data given by Yun et al. [17] is
available in rod bundle sub-channels. The experiments were car-
ried out in a 3 � 3 rod bundle assembly (see Fig. 1(a) using a Pitot
tube and a double-sensor conductivity probe to obtain the local
flow parameters in liquid and gas phases, respectively. The hydrau-
lic diameter of the rod bundle measured sub-channel, DH, is
34.6 mm. The measured flow parameters include the void fraction,
interfacial area concentration, bubble diameter, gas velocity and li-
quid velocity. The measurements were performed at 20 different
locations (Fig. 1(b) in one of the sub-channels, i.e., center sub-
channel with area-averaged void fraction hai values up to 0.2 and
a mass flow rate, heat flux, inlet temperature and subcooled tem-
perature ranges of 250–522 kg/m2s, 25–185 kW/m2, 96.6–
104.9 �C and 2–11 K, respectively. This dataset can provide useful
information such as the phase distribution and mixture volumetric
flux profiles inside the sub-channel. In the data base, the data at
low void fraction (hai < 0.01), whereas it is known that the distri-
bution parameter at the limiting condition (hai = 0) to be zero
[3,4]. Thus it is possible to obtain the distribution parameter be-
tween the limiting condition (hai = 0) and high void fraction
(hai = 0.2).
Table 2
Existing databases obtained in bundle or sub-channel test section.

Experimental
facility

Type Length
(m)

Rods
(heated)

DH

(mm)
D0

(mm)
Axial power
distribution

DTsub

(K)
p
(Mpa)

G
(Kg/m2s)

q
(kW m�2)

No.
flow
cond.

Measured
parameters

Measurement
technique

Ref.

PERICLES
(1985)

PWR 3.7 357 (357) 9.5 11 Chopped cosine 20/60 0.3–0.6 21–48 11–40 21 hai DP transducers [20]

NEPTUN
(1988)

LWHCR 1.7 37 (37) 10.7 4 Chopped cosine 0.5 /3 0.4 42/91 5/10 48 hai DP transducers [21]

BWR 4 � 4
(1990)

BWR 3.7 16 (16) 12.3 12 Uniform 0 0.5/1 833/1390 350–743 20 hai X-ray tomography [18]

BWR 8 � 8
(1991)

BWR 3.7 64 (62) 12.3 13 Uniform/chopped
cosine

9–12 1–8.6 284–1988 225–3377 20 hai DP transducers
and X-ray
tomography

[14]

LSTF (1990) PWR 3.7 1104 (1008) 9.5 13 Chopped cosine 0 1/7.3/15 2.2–84 5–45 14 hai DP transducers [22]
TPTF (1994) PWR 3.7 32 (24) 9.5 10 Uniform 5–35 3/6.9/11.8 11–189 9–170 18 hai c radiation and

DP transducer
[19]

THTF (1982) PWR 3.7 64 (60) 9.5 11 Uniform 46–118 3.9–8.1 3.1–29 11–74 11 hai DP transducers [23]
Yun (1996) BWR 1.7 9 (9) 18.4 8.2 Uniform 3.5–11 0.12 250–522 25–185 53 a, ai, vg,

DSm, vf

Conductivity
probe, Pitot tube

[17]
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3. Modeling

3.1. Drift-flux model

The drift velocity of a gas phase, vgj, is defined as the velocity of
the gas phase, vg, with respect to the volume center to the mixture
flux, j

vgj ¼ vg � j ¼ ð1� aÞðvg � v f Þ ¼ ð1� aÞv r; ð1Þ

where vf, a and vr are the liquid velocity, void fraction and relative
velocity between phases, respectively. The void-fraction-weighted
mean drift velocity, hhvgjii, is given by

hhvgjii �
havgji
hai ¼

havgi
hai �

haji
hai ¼

hjgi
hai �

haji
hai ; ð2Þ

where h i means a simple area average and jg is the gas superficial
velocity. The one-dimensional drift-flux model can be derived by
recasting Eq. (2) in terms of the distribution parameter, C0, and
the void-fraction-weighted mean drift velocity as

hhvgii �
hjgi
hai ¼ C0hji þ hhvgjii; ð3Þ

where

C0 �
haji
haihji : ð4Þ
3.2. Distribution parameter

In 1977, Ishii [3] proposed a simple model for the distribution
parameter for bubbly, slug and churn-turbulent flow in adiabatic
flow given by

C0 ¼ C0;1 � ðC0;1 � 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
qg=qf

q
; ð5Þ

in this equation qg and qf represent the gas and liquid phase densi-
ties, respectively, and C0,1 the asymptotic distribution parameter
value for high void fraction.

Ishii extended the use of Eq. (5) to boiling flow by the addition
of a weighting factor that takes into account the wall bubble nucle-
ation and makes C0 ? 0 when hai? 0. In this case the distribution
parameter is given by

C0 ¼ C0;1 � ðC0;1 � 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
qg=qf

qn o
1� eAhai� �

; ð6Þ

where the coefficient A and C0,1 are recommended to be �18 and
1.2 for round pipes, respectively.

It has been shown that the use of Eqs. (5) and (6) can be ex-
tended to other flow channel geometries if the parameters C0,1
and A are properly modified. Ishii [3] showed that the distribution
parameter for adiabatic flow in a rectangular duct can be given by

C0 ¼ 1:35� 0:35
ffiffiffiffiffiffiffiffiffiffiffiffiffi
qg=qf

q
: ð7Þ

In addition, the distribution parameter for subcooled boiling
flow in an internally heated annulus was obtained by Hibiki et al.
[16]. In that work, the dependence of the distribution parameter
with the area-averaged void fraction was obtained by a power fit-
ting of the explicit form of the coefficient A given in Eq. (8) with the
area-averaged void fraction.

A ¼ 1
hai ln 1� C0

C0;1 � ðC0;1 � 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
qg=qf

q
0
B@

1
CA ð8Þ

Thus, the constitutive equation for the distribution parameter in
subcooled boiling in an internally heated annulus is given by
C0 ¼ 1:2� 0:2

ffiffiffiffiffiffi
qg

qf

s !
1� e�3:12hai0:212
� �

ð9Þ

Recently, Ozar et al. [24] work has shown analytically that C0,1
should be 1.1 in adiabatic flow in an annular channel instead of 1.2.
This result has been validated experimentally by detailed measure-
ment of the liquid and gas phase velocity profiles. If these last find-
ings are taken into account, Eq. (9) can be modified obtaining a
new correlation for subcooled boiling in an internally heated annu-
lus as

C0 ¼ 1:1� 0:1

ffiffiffiffiffiffi
qg

qf

s !
1� e�6:85hai0:359
� �

: ð10Þ

In the present work, the distribution parameter for a sub-chan-
nel of rod bundle geometry has been derived. First the C0,1 value in
a sub-channel can be obtained analytically by the use of Eq. (4) and
the appropriate j- and a-distributions at high void fraction condi-
tion. In order to obtain the complete C0 distribution, the Ishii’s
equation for boiling flow in a round pipe, Eq. (6), has been modified
in order to take into account the flow channel geometry difference.
The modification factor has been analytically obtained by the use
of the bubble-layer thickness model [16].

As mentioned above, the asymptotic value of the distribution
parameter can be approximated by Eq. (4), using mixture volumet-
ric flux and void fraction profiles at high void fraction condition.
For this purpose the analytical forms of the j- and a-distributions
are needed. The modeled sub-channel, including the coordinate
system, is given in Fig. 2(a).

The mixture volumetric flux, j, is assumed by

jðr;hÞ¼ jcðhÞ 1� 1� 2r0

R�R0

� �n	 

ð06 r06Rc�R0; 06 h6p=4Þ;

ð11Þ

where r0 is the radial distance measured from the rod surface and jc
(h) is the mixture volumetric flux at a point on the line B. Rc is de-
fined as the distance between the origin and the point of the inter-
section of the line A with line B, P0 is the distance between two rods
(pitch) and R is defined as

R ¼ 2Rc � R0: ð12Þ

The cosine of the angle between x-axis and line A is given by

cos h ¼ P0

2Rc
: ð13Þ

Thus we have

R ¼ P0

cos h
� R0: ð14Þ

It should be noted here that R ranges from P0 � R0 to
ffiffiffi
2
p

P0 � R0.
Eq. (11) indicates that the mixture volumetric flux along the

line A is assumed to be a power low profile with its maximum
value at (r,h) = (Rc,h), namely at a point of the intersection of the
line A with the line B and zero at (r,h) = (R0,h), namely at a point
on the rod surface.

Substituting R in Eq. (11) with Eq. (14) yields

jðr; hÞ ¼ jcðhÞ 1� 1� 2r0 cos h
P0 � 2R0 cos h

� �n	 

: ð15Þ

Here, jc is assumed by

jcðhÞ ¼ jc0 1� 1� P0 � 2R0 cos h

ð
ffiffiffi
2
p

P0 � 2R0Þ cos h

( )n" #
; ð16Þ

where jc0 is the mixture volumetric flux at the center of the
sub-channel as indicated by open square in Fig. 2(b), namely the
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Fig. 3. Comparison of modeled j/jc0 profile with Yun et al. data [17] at (a) h = p/4
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mixture volumetric flux at ðr; hÞ ¼ ðP0=
ffiffiffi
2
p

;p=4Þ. Eq. (16) indicates
that the maximum mixture volumetric flux on the line A, namely
the mixture volumetric flux at a point of the intersection of the line
A with the line B is assumed to be the same as the mixture volumet-
ric flux at (r,h) = (Rc,p/4). In other words, the mixture volumetric
flux at a point indicated by solid triangle (or open triangle) in
Fig. 2(b) is assumed to be the same as that at a point indicated by
open triangle (or open triangle).

Finally, substituting jc0 in Eq. (16) with Eq. (14) yields

jðr; hÞ ¼ jc0 1� 1� P0 � 2R0 cos h

ð
ffiffiffi
2
p

P0 � 2R0Þ cos h

( )n" #

� 1� 1� 2r0 cos h
P0 � 2R0 cos h

� �n	 

; ð17Þ
where

0 6 r0 6
P0

2 cos h
� R0 ð18Þ

and jc0 can be obtained by integrating j(r,h) over the flow channel.
In a similar way, the void fraction distribution for the adiabatic

flow in the sub-channel can be defined as

aðr; hÞ ¼ ac0 1� 1� P0 � 2R0 cos h

ð
ffiffiffi
2
p

P0 � 2R0Þ cos h

( )m" #

� 1� 1� 2r0 cos h
P0 � 2R0 cos h

� �m	 

: ð19Þ

Thus, the asymptotic value of the distribution parameter can be
calculated by using the Eq. (4) and Eqs. 17 and 19.

The modeled mixture volumetric flux is evaluated by existing
data. Fig. 3(a and b) indicate the comparisons of modeled j/jc0 pro-
and (b) r0 = P0/(2cosh) � R0.
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file at h = p/4 and modeled j/jc0 profile at r0 = P0/(2cosh) � R0 with
Yun et al. dataset [17], respectively. Since j profiles are normalized
by a single measured data, namely jc0, the value of j/jc0 is affected
by the measured accuracy of jc0. In Fig. 3(a and b), the solid and
broken lines indicate non-dimensional mixture volumetric flux
calculated with n = 7 and 2. These results support the validity of
the assumed j profile for n = 7.

The calculated asymptotic values of distribution parameter in
sub-channel as parameter of exponent, n, is shown in Fig. 4(a). In
the calculation, the exponent for void fraction profile is assumed
to be the same as that for mixture volumetric flux for simplicity
and the non-dimensional rod diameter, defined as D0/P0 (where
D0 is the rod diameter), is 0.5. As shown in Fig. 4(a), as the expo-
nent increases, or the mixture volumetric flux and void fraction
profiles become flatter, the distribution parameter approaches
1.0. For n = 2, the distribution parameter reaches almost to 1.2,
which is a typical value of the distribution parameter in a round
pipe. However, in real two-phase flow in a sub-channel, the expo-
nent may be around 7 as it was shown in Fig. 3. Unlike the case for
a round pipe, the distribution parameter in sub-channel may be
around 1.04, as pointed out by the experimental data [17]. Since
±30% change of n only causes a ±1.5% deviation from the value of
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Fig. 4. Dependence of distribution parameter on (a) exponent n in j-distribution
and (b) non-dimensional rod diameter D0/P0.
C0,1 calculated by using n = 7, a slight change of n may not affect
C0,1 significantly.

Fig. 4(b) shows the dependence of the asymptotic value of the
distribution parameter with the non-dimensional rod diameter,
using n = 7 for the calculations. It is possible to observe that C0,1
increases with D0/P0. The dependence is weak for all the D0/P0

range, but specially for D0/P0 values below 0.7. If a value of 0.5
for D0/P0 is chosen, that corresponds to C0,1 of 1.04, a maximum
error of ±3% is obtained for a rod bundle sub-channels with D0/P0

values between 0.2 and 0.8 calculated by using a D0/P0 value of
0.5. If more accuracy is needed, the following correlation obtained
by a polynomial fitting of the data obtained in Fig. 4(b) can be used,

C0;1 ¼ 1:002þ 0:206ðD0=P0Þ � 0:438ðD0=P0Þ2 þ 0:361ðD0=P0Þ3:
ð20Þ

It should be noted here that the C0,1 values obtained by Eq. (20)
may be also valid in slug and churn-turbulent flow regimes.

In order to obtain the complete distribution parameter correla-
tion in the rod bundle sub-channel, the bubble-layer thickness
model can be introduced to obtain the modified C0,1 and A param-
eters. The bubble-layer thickness model was successfully intro-
duced by Hibiki et al. [16] in order to obtain the distribution
parameter in an internally heated annulus. In this model, see
Fig. 5, the subcooled flow path near a heated rod is divided into
two regions, namely (i) boiling two-phase (bubble layer) region
where the void fraction is assumed to be uniform and (ii) liquid
single-phase region where the void fraction is assumed to be zero.
In Fig. 5, a, x, R0, awp, xwp and R are the local void fraction, the radial
coordinate measured from the center of the heater rod surface, the
radius of the heater rod, the void fraction at the assumed void peak,
the bubble-layer thickness, and the coordinate of the outer part of
the considered sub-channel, respectively. Consequently, the void
fraction distribution can be assumed as

a ¼ awp for 0 6 r 6 xwp;

a ¼ 0 for xwp 6 r 6 R� R0
ð21Þ

where the r coordinate is considered from the rod surface.
The distribution parameter for subcooled boiling flow in the

sub-channel can be calculated using Eq. (4) and numerical integra-
tion of Eqs. 17 and 21. Unfortunately, no analytical solution can be
obtained for the distribution parameter, so only numerical solu-
tions will be provided in this work. Hibiki et al. [16] showed that
the difference in the dependence of C0 on hai between the round
tube and other sub-channel geometries may mainly be attributed
to the difference in the channel geometry. This assumption is valid
for Awp/AC values lower than 0.3, where Awp and AC are the bubble
and channel areas, respectively. Since the product of Awp/AC and
awpo is equal to hai, Awp/AC may correlate closely with hai. As a re-
sult, the distribution parameter for subcooled boiling flow in the
rod bundle sub-channel can be obtained from Ishii’s equation, Eq.
(6), taking into account of the channel geometry effect on the dis-
tribution parameter as

C0 ¼ K 1:2� 0:2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
qg=qf

q� �
1� e�18hai� �

; ð22Þ

where K is the modification factor defined by the ratio of the distri-
bution parameter for the sub-channel to that for the round tube for
the same Awp/AC value given by

Awp

AC
¼

pðx2
wp þ D0xwpÞ

P2 � pðD0=2Þ2
for rod bundle sub-channel ð23Þ

Awp

AC
¼ 1� 1� xwp

RP

� �2

for round tube ð24Þ

where RP is the radius of the round tube.



α

x
RR0

R0+xwp

α

x
RR0

R0+xwp

Heater Rod Surface Outer Sub-channel Surface α

x
RR0

R0+xwp

Heater Rod Surface Outer Sub-channel Surface

αwp

Modeled Subcooled Boling FlowSubcooled Boling Flow

Fig. 5. Basic concept of bubble-layer thickness model.
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In order to calculate the modification factor, the distribution
parameter of boiling flow for a round tube is needed. Therefore,
the void fraction and j-distributions are defined as [16]

a ¼ awp for RP � xwp 6 r 6 RP;

a ¼ 0 for 0 6 r 6 RP � xwp
ð25Þ

and

j ¼ nþ 2
n
hji 1� r

RP

� �n	 

: ð26Þ

From Eqs. (4), (25), and (26), we can obtain the distribution
parameter for boiling flow in a round tube analytically as

C0 ¼
n� 1� xwp

RP

� �2
ðnþ 2Þ � 2 1� xwp

RP

� �nn o
n 1� 1� xwp

RP

� �2
	 
 : ð27Þ

Fig. 6 shows the modification factor obtained from Eq. (27)
and the numerical integration of Eqs. (4), (17), and (21) as a
function of the distribution parameter for the round tube and
D0/P0 values of 0.3, 0.5 and 0.7. In order to facilitate its use,
the modification factor has been approximated to a polynomial
function given by
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K ¼

4:229� 10:043C2
0;Ishii þ 14:282C0;Ishii � 10:335C3

0;Ishii

þ2:889C4
0;Ishii for D0=P0 ¼ 0:3

3:055� 4:537C0;Ishii þ 4:033C2
0;Ishii � 1:882C3

0;Ishii

þ0:335C4
0;Ishii for D0=P0 ¼ 0:5

2:412� 0:896C0;Ishii � 4:316C2
0;Ishii þ 6:548C3

0;Ishii

�2:682C4
0;Ishii for D0=P0 ¼ 0:7

8>>>>>>>>>>><
>>>>>>>>>>>:

ð28Þ

It is possible to observe that the influence of the non-dimen-
sional rod diameter value on the modification factor is more
important for C0,Ishii values lower than 0.5. The effect of the
channel geometry in the distribution parameter has a larger im-
pact for low void fraction conditions as reported by Hibiki et al.
[16]. If higher C0,Ishii values are considered the differences are
insignificant. This fact can be easily explained by the small
dependency of the C0,1 parameter with D0/P0 (see Fig. 4(b)). If
all the C0 range is considered, the modification factor equation
for D0/P0 = 0.5 can be used for a non-dimensional rod diameter
range from 0.3 to 0.7 assuming a ±9% error (calculated with re-
spect to a D0/P0 value of 0.5).

The results obtained by the use of the Eqs. (22) and (28) have
been fitted to a equation with a similar functional form to those
employed in previous works, see Eqs. (6), (9), and (10), and using
a C0,1 values of 1.03, 1.04, and 1.05 corresponding to a D0/P0

parameters of 0.3, 0.5 and 0.7, respectively (see Fig. 4(b)). Conse-
quently, the newly developed distribution parameter correlation
can be expressed, in a more condensed way, as,

C0 ¼

1:03� 0:03
ffiffiffiffi
qg

qf

q� �
1� e�26:3hai0:780
� �

for D0=P0 ¼ 0:3

1:04� 0:04
ffiffiffiffi
qg

qf

q� �
1� e�21:2hai0:762
� �

for D0=P0 ¼ 0:5

1:05� 0:05
ffiffiffiffi
qg

qf

q� �
1� e�34:1hai0:925
� �

for D0=P0 ¼ 0:7

8>>>><
>>>>:

ð29Þ
3.3. Drift velocity

In order to obtain the drift velocity in the sub-channel, the con-
stitutive equation developed by Ishii [3] for distorted-particle re-
gime will be considered. This correlation has been chosen since it
is a simple expression in which all the parameters needed are usu-
ally known and that has been successfully tested against different
databases [3]. More sophisticated expressions can be found in lit-
erature, even developed for rod bundle sub-channels [25]. Though,
these expressions need some input parameters such as some
experimental data usually unavailable in rod bundle experiments
like bubble diameter and aspect ratio. In this work, the expression
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developed by Ishii [3] has been modified by considering the bubble
size factor, and the final expression is given as

hhvgjii ¼ Bsf

ffiffiffi
2
p rDqg

q2
f

 !1=4

ð1� haiÞ1:75
; ð30Þ

where r, Dq, g and Bsf are the surface tension, density difference be-
tween the phases, gravitational acceleration and the bubble size
factor, respectively. The bubble size factor, Bsf, should be included
in order to consider the rod wall effect in the bubble rising velocity.
In this work, the reduction factor proposed by Wallis [26] will be
used since it has been successfully used in rod bundle geometries
[27].

Bsf ¼
1� Db

0:9Lmax
for Db

Lmax
< 0:6

0:12 Db
Lmax

� ��2
for Db

Lmax
P 0:6;

8<
: ð31Þ

where Db is the bubble equivalent diameter and Lmax is defined as,

Lmax ¼ ð
ffiffiffi
2
p

P0 � 2R0Þ ð32Þ

The Lmax parameter has been chosen to replace the standard
pipe diameter since it corresponds to the maximum bubble size.
The bubble larger than Lmax will be deformed by the sub-channel
walls. Its value depends on the non-dimensional rod diameter
and it corresponds from 1.3 to 3.6 times the hydraulic diameter
if a range of D0/P0 between 0.2 and 0.6 is considered.

4. Results and discussion

4.1. Comparison of distribution parameter model with data

The area-averaged data provided by Yun et al. [17] have been
used to check the prediction capabilities of the drift-flux models
described in Section 3. In addition, these data have been compared
with those obtained by other drift-flux models commonly used in
rod bundle geometries and mentioned in Section 1.

Table 3 shows the averaged prediction errors of the constitutive
equations of the distribution parameter and drift-velocity devel-
oped in Section 3 as well as of the area-averaged void fraction
using the constitutive equations and Eq. (3). In the evaluation of
the void fraction prediction capability, the existing drift-flux mod-
els listed in Table 1 have been considered. Here, we assume that
the existing constitutive equations obtained in rod bundles can
be applicable to a sub-channel, since the area of corner and wall
sub-channels is much smaller than core sub-channels of rod bun-
dles in the experimental facilities that were used for obtaining
the correlations (see Table 2). The prediction error is defined as

E½%� ¼ ðmeasured valueÞ � ðcalculated valueÞj j
ðmeasured valueÞ � 100: ð33Þ
Table 3
Prediction accuracy of drift-flux models.

Models Averaged error C0

Disctribution parameter
Eq. (29) with D0/P0 = 0.5 ±8.01%

Drift velocity
Eq. (30) with Bsf = 1 (Ishii’s Eq.)
Eq. (30) –

Drift-flux model
Eq. (29) with D0/P0 = 0.5 and Eq. (30) with Bsf = 1
Eq. (29) with D0/P0 = 0.5 and Eq. (30) –
Bestion (1990) –
Inoue et al. (1993) –
Chexal–Lellouche (1992) –
Maier and Coddington (1997) –
Fig. 7 shows the dependence of distribution parameter values
on the area-averaged void fraction obtained by Yun et al. [17].
The distribution parameter values in the tested conditions are al-
ways lower than 1, which corresponds to the typical wall peaked
void fraction profile present in subcooled boiling flow. The distri-
bution parameter is about 0.8 at hai = 0.02 and gradually increases
with hai. Since the distribution parameter is zero at hai = 0 in sub-
cooled boiling flow, very rapid increase in the distribution param-
eter is expected at hai < 0.02. The extrapolation of the distribution
parameter at higher hai implies the distribution parameter about
1.04, confirming the results given in Fig. 4(a), since a non-dimen-
sional rod diameter value of D0/P0 � 0.5 was used in Yun et al.
experiments [17].

In addition, in Fig. 7 the distribution parameters obtained (i) in
this work for a sub-channel, Eq. (29), (ii) by Ishii’s equation [3] for a
round pipe, Eq. (6), and (iii) by Hibiki’s equation [16] for an inter-
nally heated annulus and modified by Ozar et al. [24], Eq. (10), are
presented by solid, broken and dotted lines, respectively. The
change in the flow channel geometry has a profound impact in
the slope of the distribution parameter for void fraction values
hai lower than 0.1. In this way, the slope for the annular channel
is six times higher than the one of the round pipe. The rod bundle
sub-channel slope is between both the annular and the round pipe
ones. This fact seems feasible, since the sub-channel flow geometry
can be considered as an intermediate case between the annulus
and the round pipe. The agreement between the distribution
parameter correlation developed in this work and the experimen-
tal data given by Yun et al. [17] seems acceptable. The average pre-
dicting error is ±8.01%, a remarkable value since no experimental
Averaged error hhvgjii Averaged error hai

– –

±19.6%
±13.1% –

±20.4%
– ±14.4%
– ±23.8%
– ±35.1%
– ±38.6%
– ±67.6%
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data was used in the modeling. Finally, two additional facts need to
be considered (i) the data provided by Yun et al. [17] presents some
uncertainties, as pointed out in Section 2, especially for low void
fraction values due to the lack of measurements near the rod wall
and (ii) there is only one available database [17] that provide local
data in a rod bundle sub-channel and that, therefore, can be used to
check the proposed distribution parameter constitutive equation.
It is recommended that the validity of the proposed distribution
parameter in the sub-channel is readdressed by additional experi-
mental data, especially for low void fraction values to be obtained
in a future study.

4.2. Comparison of drift velocity model with data

In Fig. 8, the drift velocity obtained by the modification of Ishii’s
equation by the wall effects Eq. (30) and the Ishii’s equation [3]
(Eq. (30) with Bsf = 1) are indicated by solid and broken lines, respec-
tively. Here, a constant value of Db of 1.3 mm has been chosen in Eq.
(31), since it is the averaged value of the data used in this study [17].
This fact generates a source of error in the figure, but it is lower than a
10% for all the flow conditions. Consequently, the information given
in the figure should be taken for comparative purposes. In the predic-
tion error shown in Table 3 the bubble diameters measured by Yun
et al. [17] have been used. However, this information is not usually
available in rod bundle assemblies (see Table 2). An alternative ap-
proach consists on obtaining the bubble diameter from published
correlations in subcooled boiling flow. In this regard, the correlation
given by Hibiki et al. [28] provides accurate results with a prediction
error of ±27.1% when it is applied to Yun et al. dataset [17].

As shown in Fig. 8, the void-fraction weighted-averaged drift
velocity shows a slight decrease with the void fraction as previ-
ously reported in bubbly flow conditions [3,5]. The drift velocity
constitutive equations also show this dependence. The results ob-
tained by Eq. (30) provide a prediction error of ±13.1%. The main
source of the error in Eq. (30) is due to the experimental scattering
observed in the data [17] that is usual in drift velocity measure-
ments [5]. If the rod wall effect is not considered in Eq. (30),
Bsf = 1, the prediction error is enlarged to ±19.6%, which is still
acceptable prediction accuracy.

4.3. Comparison of drift-flux model with data

In this section, the prediction accuracy of the area-averaged void
fraction is discussed. As shown in Fig. 9, all existing correlations
underestimate the void fraction values, except the one developed
0.00 0.05 0.10 0.15 0.20
0.0

0.1

0.2

0.3

0.4

 Experimental data [17]
 <<v

gj
>> given by Eq. (30)

 <<v
gj
>> given by Eq. (30) and B

sf
=1

D
ri

ft
 V

el
oc

ity
,  

 <
<

v gj
>

>
   

[m
/s

]

Void Fraction,   <α>   [-]

Fig. 8. Comparison of area-averaged drift velocity with experimental data.
by Chexal–Lellouche. The compared results by newly developed
drift-flux model are highlighted by solid symbols. The lowest predic-
tion error (±14.4%) is obtained by the use of the distribution param-
eter obtained by the bubble-layer thickness model, Eq. (29) and the
drift velocity given by Ishii [3] modified by considering the wall ef-
fect, Eq. (30). If no rod wall effect is considered in the drift velocity
correlation, Bsf = 1, the prediction error is ±20.4%, still lower than
the published correlations considered in this work. In all the correla-
tions, the prediction accuracy is improved for increased area-aver-
aged void fraction where the distribution parameter effect is more
pronounced than the drift velocity effect. The results obtained by
the Bestion correlations are remarkable since it is a quite simple cor-
relation that is applicable to the whole range of void fractions. How-
ever, the Bestion and Chexal–Lellouche correlations present high
scattering for low void fraction conditions. The predictions of Inoue
et al. and Chexal–Lellouche correlations are similar providing area-
averaged void fraction prediction errors lower than ±40%. The Maier
and Coddington correlations do not provide reasonable predictions
since the error in the drift velocity estimation is very high.

4.4. Future extension of bubble-layer thickness model to other sub-
channel

The constitutive equations obtained in this work are only valid
for the center sub-channel type and future work is needed to ex-
tend the model to the other sub-channel types (side and corner
sub-channels) and, thus, to obtain a better accuracy in the model.
However, the side and corner sub-channel types are important in
small size rod bundle assemblies. For example, if the non-dimen-
sional rod diameter given in Fig. 1(a) is considered, the flow area
covered by the center sub-channel type represents the 44.4%,
56.3% and 76.6% of the total flow area in a 3 � 3, 4 � 4 and 8 � 8
rod bundle assembly, respectively. The distribution parameter pre-
sents an important dependence on the channel geometry and ma-
jor differences are expected for the sub-channel types. No local
experimental data is available for the corner and side sub-channel
types, so only the approach following the bubble-layer thickness
model seems to be possible. The drift velocity for the different
sub-channel types should be also examined carefully.
5. Conclusions

In this paper, new constitutive equations for the drift-flux model
developed for subcooled boiling bubbly flow in a rod bundle sub-
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channel are presented and analyzed. In the case of the distribution
parameter, its asymptotic value, C0,1, has been obtained analytically.
In addition, its dependence on the exponent of the j- and a-distribu-
tions and the non-dimensional rod diameter value, D0/P0, has been
considered and discussed. A correlation for the constitutive equation
for subcooled boiling flow in a sub-channel is obtained from the bub-
ble-layer thickness model. In this derivation an existing constitutive
equation for subcooled boiling flow in a round pipe [3] is modified by
taking account of the difference in the flow channel geometry be-
tween the sub-channel and round pipe. In the case of the drift veloc-
ity the expression given by Ishii [3] for round pipes is modified in
order to consider the rod wall effects.

The area-averaged data obtained by Yun et al. [17] integrated
over the whole sub-channel have been used to validate the distri-
bution parameter and drift velocity constitutive equations. In addi-
tion, the area-averaged void fraction results provided by the
developed constitutive equations have been checked with the most
used correlations found in literature.

– Distribution parameter: the averaged relative prediction error
by the newly developed correlation based on the bubble-layer
thickness model presents a remarkable low prediction error of
±8.01%. However, more experimental data, especially for low
void fraction values, is needed to make a further evaluation.

– Drift velocity: the best prediction results are provided by the
Ishii’s correlation modified in order to take into account the wall
effect with an averaged prediction error of ±13.1%. If this effect is
not considered the prediction error given by the mentioned
equation is ±19.6%.

– Void fraction: the predicting errors provided by the existing cor-
relations are lower than ±40% (except for the Maier and Codd-
ington correlation) and the best results among them are
obtained using the Bestion correlation with a prediction error
of ±23.8%, however, this correlation presents major scattering
for low void fraction conditions. Using the distribution parame-
ter distribution developed in this work and the drift velocity
constitutive equation given by Ishii it is possible to reduce the
prediction error to ±20.4%. Finally, if the rod wall effects in the
drift velocity are taken into account the prediction error can
be reduced to ±14.4%.
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